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PROPELLER THEORY OF PROFESSOR JOUKOWSKI AWD HIS FUPILS.*
By W. Margoulils.
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1 élii';iéé a summary of the work done in Russia Srom 191l
to 1914, by P-ofessor Joukowski and his pupils Sabinine, Iourlef
and Wettchinkine, which bas hitherto remained but little kmowr
in other coumtrlea.

This summary will show that these men were the trud origina-
tors of the theory, very widespread at the present time, wﬁich
comblnes the treory of the wing slement apd of the slipstreanm,
and which in 21€l4, they hed already completely developed in & very
original form, **

The demonstrations of these authors are very interesting bu?
w3 shall confine ourselves, owing to lack of space, to indlcetlinz
the qefinitive formulas they established and to the sstting fersk.
ol the main feetures of thelr work.

We wlll adons the symbols given by Mr. Vettchinkine in & re-
markeble trsatiss, "Caloul de 1'Hélioce Propulsive" (Calculation
of the Propeller), (Bulletin de la Sooci€te Peclyischnique de Moscou,
1813, No.5), in which hé summarized and completed the works of
Joukowskl, Iourlsf and Sabinine. These notations ars: .

r, radius of any sectlon of the propeller;

R, radius of veripkery;

* From "L'Adronautique," August, 1931.

** A similar theory was st forth in England in 1916, by Fage and
Collins, "Investiéations of the .lHagnitude of the Inflow Velocity
in the Immediats Vicinity of an Asirscrew," (R & M 338), which gave

rise to numerous expsrimental researches of the N.P.L. (R & MY Hcs,
460, 475 and 5835). :
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Ry, radius of hub;
D, dlameter of »ropeller = 3R;
""W, ' forward speed of propeller,

w, axlizl compcnent of the indraft velocity in front of ths
propeller, for the radius r;

w,, axlal component of the veloolty of the sllp stream be-
hind the propesller, for the radius =r;

Wa=VW + w;

Q angular rotary speed of propeller;

v, tangential component (in the plane of rotation) of ths
indraft veloocity in front of the propeller, for the
radius 1r;

v, » tangential component of the velooclty of the elip stream
behind the propeller, for the radius r;

= - X. =0 & =
Q'-l Q T’ Z'—ow . and oz nlﬁl

V= ',/Wf +Q2 r? , resultant veloolty with radius r;

Kx, Ky, coefficlents of the resultant e¢f the alr stresses
on the propeller;

M= KX/KY
b, width of proreller for the radius 1.
It 1s easlly demonstrated that the elemental 1lift and powar

’

are .

(1) dP=2bK.y01rW1ﬁ+zi’Jgdr,
(3) dT = 2Ky © r %* /1 + z,° X, dr,
1in whioh '

X1='1—-§L-.;"a.nd X, =1+ B2
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Sabinina and Iourief wers the first to conceive the i1dea cof
determining the streeses undargone by a seotion of the propeliler
blade, by assuming that the veloolty along the axis of the propel-
ler was equal to the spesd of translation plus a certain vslnuit;

of indraft, determined by the appllication of the theorem of ‘the

quantity'of motion. Thaey thus ocombine, for the firet time, W.

Froude's theory of the element of the blade* with R. E. Frouds's

" theory of the ideal propellexr.™**

Thelr worke, dating from 1911, were expounded in a serles of
1eotures.on the "Banlo Theories of Aeron&utios;" by Professor
Joukowskl, befors the Imperial Techrical Sochool at Noacow, in
1911-1913,

The suthors considered only the axlal indraft velooclties
(w and w.) and the propsllers for whioh these velooiitles remained
uniform slong the radius. The relation between w and w was fix-
ed by assuming for the sectlon, where tre veloolty 1ls w,, a oco3f-
ficient of contraoction equal to that of a stream running through &
hole in the bottom of a tank whioh/gfss. Henoe w = 0.58 w,.

The velooity w was datermine¢ by making the proreller
thrust equal to the amount of motion imparted to the Zluid.

* This theory is generally attributed, even in Franoce, to Mr.
Drzewieckl, but W. Froude first published his theories in 1878,
fourtesn years before Lr. Drzewiecki, in his memoirs, "On the El-
ementary Relation between Pitoh, Slip and Propulsive Efficiency"
(Transactions of the Institute of Navel Architects, 1878). This
memoirs contained the notion of the optimum angle.

** It will be evident further on, from the authors' very original
method of determining the indraft veloolty, that the original work:
of R.E .- Froude, "On the Part Played in Propulsion by Differences
of Fluid Pressure" (Transactions of the Institute of Neval Arohi-
teots, 1889), as well as the subsequent works of Finaterwalden wers
unknown to them. :
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The shape of the blade was flxed by maeking the axial compo-
nent of the thrust of the alr on an element of the blade equal to

the arount of motion. Thus, for a two-bladed propeller, we have:

2bKy Qr W, /1+2z,2 X, dr=383mnpWwardr;
whancs
(4) =T ¥ 1

By @ x, f1+2°

The motive vower is given by the integral of forimla (3)
R

T = L 2b KyQzr W2 /1 + 22X, dr,

in vhioh W =W +w is s consbant determined by equation (1).

In pursuance of thelr work, Sabinine and Iourisf, in a ocom—
munication given in the above-mentioned memoir of Mr. Wettohin-
kine, to the second Ruasian Congress of Asronautice in 1913, en-
deavorad to establish the relation between the veloolties
w and w;, Dby lntroduolng the notlon of the velooity of rotation
in front of the propeller. By considering, as before, a propeller
with constant veloclty of inflow (w) and outflow (ws), they demon—
strated that the rotation veloclties v and v, were lnversely
proportional to the radius.

17
v = ¥ vy = Vv,
Qr ) nra

r; belng the radius of the narrowest section of the stream, cor-




regponding to the radius r 1a the plane of the propeller.
They tken establishsd the following relation between W and

¥a
(5) w=-g:{l + (;Rj)a}

in which R, 1is the radius of the smsllest periphery of the
strean.

This relation differs but little from the one they had adopt-
8d in their first work. The determination of the velocity w,
of the share of the tlade and of the rower, was made the same as
in their firset work, whioh is to say that, if we encounter here
for the first time the notion of the velocity of rotation, this

Ll |

notion is only utilized for establishing the zelatlon w = f(wa).
Mr, Wettchinkine, in his previously cited memoir, extended

this method to any propeller for which the velooclty w- wass not uni-

form along the radius. For the equation w = f(w;) bhe obtained
the followling expression -

R
=_‘Za+.__ (“1Wa\f= Towa\' dm,
3 Qr,/ =,
the rslation between r and r2 belng given by the equation of
contimuity

T T
nrPWa+ J 2nwrd.r=ﬂ:r.-=3W+j=2Trv.5rzdra
0 o

The value of the velocity w, is fixed by equation (4), in
which the author makes X, = 1, since he considers that the ve-
locities of flow must be determined by assuming a perfect fluid.
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As we shall gsee further slong, Profeszor Jouktowski itakes ©53 salc
point of view in his worke,

Mr., Wettohinkine ocllsd aisention to the fact that the theory
o7 ESabinire and Iourief, ac well as the generalized theory, cca-
taired an erzor, &ue to the assumpiion thac ths projecition of thae
avount of wotion on the axis was equal to the propeller thrust,
7allie 1t was really equal to this thrust plus the projection, on
the axis, of the forces due to the hydrodynamic pressures, of
which, however, the authors took account in establisghing eguation
(5).

Sabinine and Iourief had introduced the notlon of ths cca~
ponent of the slip stream (or inflow) velooity in the plane of -
propeller, but they had not made allowanoce for this velooity iz
determining the angles of attack and the stresses undergone by
“he Dblades.

Professor Joukowski, in his "Thsorie tourblllomnaire de
1'helice” (Vortex Theory of the Propeller),* introduced the addi-
tionsl veloolity of rotation into the galoulation of the resultant
velooities and the angles of attadk.

The author aseumes (Fig. 1) that the flow of the fluld around
the propeller is governed by an axial vortex located beaind the
Propeller snd revolving in the same dirsotion es the latter wiﬁh
8 oirculation of 3 X 1. This vortex separates Into two edjoining

egerles of vortices, such that the oirculations of the velocities

* Travanz de la section Physique des Amis des solences naturellez,
Yoscow, 1912, No.1l.
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along the contours of the blades sre equal to 1. They lez.=2 %t =
snds of tke blades in the form of two helicoidal vortices, as
shovmn in Fig. 1l.* The author demonstrates that

ke

ana taat
w, = 3W.

He conslders the case of a propeller with a constant circuls~
tion along the blade, for whioh the inflow and outflow velooities
are uniform along the radius, the same as for the 8S8abinine-Iourie?

propeller. He then has

(8) BW(W'?W):%J: (1_8n19R>’

an expression connecting w and v.
On the other bhand, according to professor Joukowski'e famous

theorem on the valus of the coefficient of 11ft in terms of the

clroulation,

_K K 2 .3
(7) 1——p-‘l'-bV=-5‘£b/(w+w_) +(Qr'_..§%

The expresassions for thrust and power are obtained by combiniaz
equations (1), (3) and (7), when we have
(8) dP = 3p1 £ 1X dr,
(9) dT = 3p 1 ¥, QrX dx,

and the elemental effioclency 1s

* ¥r. Riabouchlinsky had previously indicated a similar arrangement
of vortices around a propeller (See Bulletin de 1'Institut Aerody-
namigue de Koutochino, 1913, No.4, p.8l.
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Hr. Wetitohinkine designated the firet term, which represents .
the output of a perfect propeller, by .n and the second term,
whiok shows by how much the flow obtained differs from the flow
for a perfect propeller, by np. The produoct of these two factore
1a the hydrodynamic effiolenoy ng The third term 1s the mechan—
1ozl efficiency mnp. We thus have

n =[] Np "m = g M

Mr., WettckLinkine ocalled MNop = the relatlve proreller

’
effioclenoy and drew attention to the Zialogy betwéen ‘[n] and
the effiolency of Carnot's cycle of a thermic engine; between "Mp
and the indicated cutput of the oyole realized in the engine; and
betwéen. Ny &and the mechaniocal efficiency, dependent on friction'
in ths engine. -
By integrating equations (8) and (9) and combining them with
equations (6), we obtain the expressions for thrust, power, and

effioclenocy in terms of 1 and of 2 = Q‘-‘B only.

Mr, Wettohinkine made tables and graphios whioh rendered 1t
possible to make rapidly the determination of the characteristics
of a propellei with a constant ocirculation following the ocondi-
tlons imposed, either for piopelleis in flight or stationary.
(Many of these propellers were tried out suocessfully in flight.)

Yr, Wettchinkine likewise applied Professor Joﬁkowaki's theo-
ry to every propeller for which the ciroulation was not comstant
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along the radius. Fig. 3 shows the distribution of the vortices
in this case.
For ti;ae:bi6§eiist,'ail thé ‘equations remain the same, ex~
cept No.8, whioh beoomes
aw (W+m =B 1 (1..._15_5) -+jR —X= ar
g ] 3n Q A ’

e 3
whlch 1s solved by succesalve approximations.

In 1913 and 1914 Professor Joukowskl published two other
memoirs on the "Vortex Theory of the Propellexr"* in which he dis-
cussed tke questions of auto-rotation, the influence of the number
and width of the blades on the funoctioning of airoraft prorellers
and propellers for wind tunnels.

We will call attention to one more work of Mr. Wettohinkine,
"Invariants of the Propeller,"* in which he propoges tc designate
the invariantis of a propeller by

n n

and determines the characteristliocs of Professor Joukowski's pro-

peller with constant ociroulation, giving the maximum output for
-]

successive values of elther -F-l-’l—_F or —%B—

Lastly, in an experimental work (communication to the fourth
Russian Congress of Aeronautics in 1914) the same author -compared
the velooltles and pressures measured before and behind a propel-
ler held atationaxy on the ground, with:'the values calculated by
means of Professor Joukowski's theory.

* Travaux de la soationgfﬁ'sigue de la Socletd des Amis des Soi-
ences naturelles, Mosoou,
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We give below (Fig. 3) for 1llustration; the results of meas-
urements of the taree components of the mean velooities, made by
. the.author on a.two-bladed helisopter propeller* having a diemeter

of 1.5 =2nd a constant oiroculation. For tals proreller

21 = ir'ﬁ']"? = 0,03;

at 640 v : m, the oaloulated thrust and torQue were raspebtively
16.1 kg and 1.87 kgm, wkila the messured values were 13.3 kg and
1. 75 kgnm.

In the left—uand dlagrams, the arrows repressnt, in magnltude
and direction, the velooities in = plane passing through the axis
of the proveller, while in the right-hand diagram the arrows rap-
resent the velooities in planes perpendicular to the radii. The
saall circles on the left indicate the values of ths components
varallel to the axls and the oirocles on the right indloate the
corponents in a plane parallel to the rotatlion plane of the pro-
péller.

The ourves =.,.~..-..~ Tepresent the caloulated valuees oFf
W, 3W = W, v, and vX;, It 1s evident that, behind the propeller,
the caloulated velooclities are in accord with the measured values.

From this brief review we can appreciate the importance of .
the work done by Professor Joukowski and his pupils on the theéry

of the propeiler, before the war, and we reg;et_that we are not

* 14t may be demonstrated by means of Prof. Joukowski's theory that
the maximur thruet of a helicopter propeller, with a glven diameter
ané power, 1s oovtalined with a propeller having a constant ciroula-
tion, while the maximum efficlency of a pusher rropeller, for glvex

valuea of eifher ;%%F or —5&3, is obtalned wlth a propeller hav-

ing a ciroulation whioh inoreases toward the periphery.
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informed in regard to the resesarches they have since been able to

. oarry out ln connection with the seme problem.

[,

franslated by the National Advisory Coumittee for Aersnautics.
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Fig.l - Disposition of vortices in a propeller with constant
cirgulation along the radius.
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